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Stationary, D-dimensional test branes, interacting with N-dimensional Myers-Perry bulk black
holes, are investigated in arbitrary brane and bulk dimensions. The branes are asymptotically flat
and axisymmetric around the rotation axis of the black hole with a single angular momentum. They
are also spherically symmetric in all other dimensions allowing a total of O(1)×O(D− 2) group of
symmetry. It is shown that even though this setup is the most natural extension of the spherical
symmetric problem to the simplest rotating case in higher dimensions, the obtained solutions are
not compatible with the spherical solutions in the sense that the latter ones are not recovered in the
non-rotating limit. The brane configurations are qualitatively different from the spherical problem,
except in the special case of a 3-dimensional brane. Furthermore, a quasi-static phase transition
between the topologically different solutions cannot be studied here, due to the lack of a general,
stationary, equatorial solution.
PACS numbers: 04.70.Bw, 04.20.Jb, 04.50.-h, 11.25.-w.
I. INTRODUCTION
Possible interactions between branes and black holes
in higher dimensions are interesting and important prob-
lems in many fields of modern theoretical physics. One
direction, which has been recently introduced by Frolov
[1], is a spherically symmetric black hole interacting with
Dirac-Nambu-Goto (DNG) test branes [2] in arbitrary
brane and bulk dimensions. This brane - black hole sys-
tem, beyond the interest of its own, has also proven to be
very useful as a toy model for various other problems. For
example, it posses striking similarities in its properties
to the problem of topology changing and merger tran-
sitions between higher dimensional black solutions [3–5],
and also shows a self-similar behavior, very similar to the
Choptuik critical collapse phenomenon [6]. Furthermore,
it also turned out to be a relevant model in investigating
holographic phase transitions in strongly coupled gauge
theories [7, 8], via the gauge/gravity correspondence [9].
Generalizations to the system, by considering small
thickness corrections to the branes, have also been stud-
ied lately by Frolov and Gorbonos [10], and more exten-
sively (also within a more general framework) by us [11–
13]. The motivation for this extension was to consider
higher order, curvature corrections to the thin brane ac-
tion, which, in the holographic dual picture, correspond
to finite ’t Hooft coupling corrections, and provide a more
realistic description of the phase transition [8].
In the present paper, as a sequel to our previous works
on the subject matter [11–13], we provide another gen-
eralization of the problem into a different direction. We
investigate the brane - black hole system in the rotat-
ing case by considering a Myers-Perry black hole in the
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background with a single angular momentum. The moti-
vation of this work is also clear, we would like to under-
stand the role that rotational effects play when a quasi-
static, topology changing transition is considered in the
system. The problem is interesting not only from the ge-
ometrical point of view, but also because it may provide
further insights to other topology changing- or merger
transition problems in higher dimensional, classical gen-
eral relativity, or to certain holographic phase transitions
in the gauge/gravity dual picture.
In constructing the model, we follow the method of [1]
as closely as possible, and define the DNG-branes with
the highest possible symmetry properties that the back-
ground allows. By this construction the branes posses a
total of O(1) × O(D − 2) group of symmetry, and just
as in the spherical case, the brane action simplifies rad-
ically, resulting the problem of an ordinary differential
equation (highly non-linear though) for the brane config-
urations. We present and analyze the general solution of
this problem, first analytically in far distances, and later
numerically in the near horizon region.
As a result, we obtain that due to the coordinate
parametrization of the Myers-Perry metric, this rotat-
ing problem is not compatible with the spherical results
of [1], in the sense that the latter ones are not recov-
ered in the non-rotating limit. Although the ideal sit-
uation would be to provide a rotating solution which is
the “corresponding” one to the spherical problem in the
above sense, nevertheless we could not find an appro-
priate coordinate system in which this could be done in
a natural way as presented by Frolov in [1], and as we
also do it here. Consequently, we conclude that while
the construction of the problem is the closest possible to
the spherical case, the obtained results are qualitatively
different, except in the special case of a 3-dimensional
brane. Furthermore, we also find that stationary equa-
2torial solutions do not generally exist for arbitrary brane
dimensions, except again for the case of a 3-dimensional
brane, and as a result, we cannot study the quasi-static
phase transition in the geometric setup as we did in the
thickness corrected spherical case [11, 12] by following
the method of Flachi et al. [14].
The plan of the paper is as follows. In section II. we
define the rotating brane - black hole system analogous
to the spherical case. In section III. we obtain the brane
equation and discuss its incompatibility with the results
of [1]. In section IV., first we discuss the analytic proper-
ties of the solutions in the near horizon region and derive
unique boundary conditions for the topologically differ-
ent solutions from regularity requirements. Then, we ob-
tain the far distance solution in an analytic form, and
analyze its properties. In section V. we present and il-
lustrate the numerical results in the near horizon region,
and finally in section VI. we draw our conclusions. In ad-
dition, we discuss the problem of the coordinate systems
in an appendix section.
II. THE BRANE - BLACK HOLE MODEL
The metric of the N -dimensional Myers-Perry solution
[15] in Boyer-Lindquist coordinates with a single angular
momentum is given by
ds2 = − (1− FΣ ) dt2 (1)
+ sin2 θ
[
r2 + a2
(
1 + FΣ sin
2 θ
)]
dϕ2
+ 2aFΣ sin
2 θdtdϕ+ Σ∆dr
2 +Σdθ2
+ r2 cos2 θdΩ2N−4 ,
where
Σ = r2 + a2 cos2 θ, (2)
∆ = r2 + a2 − F, (3)
F = µr5−N , (4)
and dΩ2N−4 is the line element on an (N−4)-dimensional
unit sphere. The parameters µ and a are related to the
total mass, M , and angular momentum, J , of the black
hole as
M =
(N − 2)AN−2
16piG
µ , J =
2
N − 2Ma, (5)
where
AN−2 =
2pi
N−2
2
Γ(N−22 )
(6)
is the area of an (N − 2)-dimensional unit sphere SN−2.
For simplicity, without any loss of generality, we can fix
the value of the mass parameter µ to 1.
Test brane configurations in an external gravitational
field can be obtained by solving the Euler-Lagrange equa-
tion derived from the Dirac-Nambu-Goto action [2]
S =
∫
dDζ
√
−detγµν , (7)
where
γµν = gab
∂xa
∂ζµ
∂xb
∂ζν
(8)
is the induced metric on the brane and ζµ(µ = 0, . . . , D−
1) are coordinates on the brane world sheet. The brane
tension does not enter into the brane equations, thus for
simplicity it can also be put equal to 1. We introduce
coordinates in the bulk as
xa = {t, r, ϕ, θ, ϑ1, ..., ϑN−4} ,
and it is assumed that the brane is stationary, spherically
symmetric in the ϑi(i = 1, . . . , n = D − 3) dimensions,
rotationally symmetric in the ϕ coordinate, and, if D <
N − 1, its surface is chosen to obey the equations
ϑD−2 = · · · = ϑN−4 = pi/2 . (9)
With the above properties the brane world sheet allows
an O(1)×O(D− 2) group of symmetry, and can be com-
pletely defined by the single function θ = θ(r). We shall
use coordinates ζµ on the brane as
ζµ = {t, r, ϕ, ϑ1, ..., ϑn} ,
where n = D−3. With this parametrization the induced
metric on the brane surface is given by
γµνdζ
µdζν = − (1− FΣ ) dt2 (10)
+ sin2 θ
[
r2 + a2(1 + FΣ sin
2 θ)
]
dϕ2
+ 2aFΣ sin
2 θdtdϕ+Σ
(
1
∆ + θ˙
2
)
dr2
+ r2 cos2 θdΩ2n,
where, and throughout the paper, over-dot denotes the
derivative with respect to the radial coordinate, r. The
Dirac-Nambu-Goto action (7) reduces to
S = 2pi∆tAn
∫
Ldr, (11)
where ∆t is an arbitrary interval of time, An is the area
of the unit sphere Sn, the 2pi factor is obtained from the
integration with respect to ϕ, and the Lagrangian takes
the form
L = rn cosn θ sin θ
√
Σ
(
1 + ∆θ˙
2
)
. (12)
III. THE BRANE EQUATION
Test brane configurations are solutions of the Euler-
Lagrange equation
d
dr
(
∂L
∂θ˙
)
− ∂L
∂θ
= 0 , (13)
3which for the Lagrangian (12) reads as
θ¨ +
(
α∆+ ∆˙2
)
θ˙
3
+ βθ˙
2
+
(
α+ ∆˙∆
)
θ˙ +
β
∆
= 0, (14)
where α and β are
α =
n
r
+
r
Σ
, (15)
β = n tan θ − cot θ + a
2 sin θ cos θ
Σ
. (16)
The horizon of the black hole is defined as the largest
solution of ∆ = 0, and one can consider the non-rotating
problem by taking the a→ 0 limit.
In the case of the non-rotating limit however, one no-
tices that the Euler-Lagrange equation, obtained from
(14), is not identical to the one that has been obtained
and analyzed by Frolov in [1], and what we also inves-
tigated in the presence of thickness corrections in the
spherically symmetric case [11–13]. After some analy-
sis one can show that the difference stems from the dif-
ferent coordinate systems used by the Myers-Perry and
Schwarzschild-Tangherlini solutions [16], and which dis-
appears in standard 4-dimensions in the a→ 0 limit, but
remains present in higher dimensions, even after taking
the non-rotating limit. The detailed calculation to show
this is a bit lengthy, therefore we present it as an Ap-
pendix at the end of the paper.
As a consequence, it is very important to emphasize
that the DNG-brane, defined as θ(r) in the previous sec-
tion, is not the ”corresponding” brane to the one that we
investigated in the Schwarzschild-Tangherlini case, in the
sense, that it does not reproduce the spherical results of
[1] in the non-rotating limit. This is because the angular
coordinate θ, through which the brane is defined in the
Myers-Perry metric, is different from the one (denoted
with the same letter θ) in the Schwarzschild-Tangherlini
solution, even after taking the non-rotating limit. They
correspond trivially only in 4-dimensions, where we are
accustomed to obtain the Schwarzschild coordinates in
the non-rotating limit of the Kerr solution.
It may also worth to mention that we’ve been trying
to find an appropriate coordinate system for the rotating
case, where those ”corresponding” branes, which would
reproduce the solutions of [1] as their non-rotating limit,
could be defined naturally. The problem, however, turns
out to be very difficult, because in those systems where
the limit in the bulk is automatic, either the definition of
the rotationally symmetric brane is problematic, or the
coordinate transformations involve angles from the extra
dimensions of the metric, which cannot be integrated out
from the action in the simple way as we did in (11).
Although we believe that the problem should ultimately
be resolved in one way or another, nevertheless, we were
not able to obtain a satisfactory resolution so far.
Accordingly, in the present paper we are focusing on
those DNG-branes which are defined in section II, and
are the solutions of the Euler-Lagrange equation (14).
The problem is, of course, interesting in its own right,
being the most naturally defined DNG-brane problem on
a rotating black hole background in arbitrary dimensions,
and also the most natural extension of the spherical prob-
lem to the simplest rotating case. However, we have to
keep in mind that it is essentially different from the one,
that would provide back the Schwarzschild-Tangherlini
solution of [1] in the non-rotating limit.
IV. ASYMPTOTIC AND REGULARITY
ANALYSIS
In this section we present the near horizon- and far dis-
tance asymptotic solutions of the brane equation. From
regularity requirements in the near horizon region, we ob-
tain unique boundary conditions for the problem which
will be used for the numerical solution in the following
section.
A. Near horizon behavior
For a brane crossing the horizon (black hole embedding
case or supercritical branch in Frolov’s terminology [1]),
(14) has a regular singular point on the horizon, r =
r0. A regular solution at this point has the following
expansion near the horizon
θ = θ0 + θ˙0(r − r0) + . . . , (17)
where the regularity requirement impose the condition
θ˙0 = − β
∆˙
∣∣∣∣
r0
. (18)
Consequently, supercritical solutions are all uniquely de-
termined by their boundary value θ0.
In the Minkowski embedding (subcritical) case, the
brane does not cross the horizon, and its surface reaches
its minimal distance from the black hole at r1 > r0,
which, for symmetry reasons, occurs at θ = 0. A reg-
ular (but not smooth or even differentiable, see [11–13])
solution of (14) near this point has the asymptotic be-
havior
θ = η
√
r − r1 + σ(r − r1)3/2 + . . . , (19)
where the regularity requirement on the axis of rotation
impose the conditions
η =
2√
κ∆+ ∆˙2
∣∣∣∣
r1
, (20)
and
σ = 16
8−9η2(∆˙+2κ∆)
[
η
2
(
κ+ ∆˙∆
)
− 1η∆ + η
3
4
(
n+ 13
+ a
2
a2+r2
1
+ ∆2
[
a2(1+η2r1)−r21
(a2+r2
1
)2
− n
r2
1
]
+ 2κ∆˙+∆¨4
)]
r1
(21)
4with
κ =
n
r1
+
r1
a2 + r21
.
Hence, all subcritical solutions are also uniquely deter-
mined by the single parameter, r1.
B. Far distance solution
Since the Myers-Perry solution is asymptotically flat,
the brane function θ(r) has to converge to a constant
value, θ∞, as r → ∞. The explicit value of θ∞ is not
known for the moment (in contrast with the spherical
case where it was pi/2 for all dimensions), rather it can be
obtained by the following consideration. The far distance
solution of (14) can be searched in a perturbative form
θ(r) = θ∞ + ν(r), (22)
where ν(r) is a first-order small function compared to
θ∞, and we require that
lim
r→∞
ν(r) = 0. (23)
We shall only keep the linear terms of ν in (14) which
yields the asymptotic equation
ν¨ +
n+ 3
r
ν˙ +
1 + n+ n tan2 θ∞ + cot2 θ∞
r2
ν (24)
+
n tan θ∞ − cot θ∞
r2
+
a2 sin θ∞ cos θ∞
r4
= 0.
The general solution of (24) reads as
ν(r) =− B
1 + n+A
− C
(1 − n+A)r2 (25)
+ r−1−
n
2
− i
2
√
4A−n2
[
p+ p′ri
√
4A−n2
]
with
A = n tan2 θ∞ + cot
2 θ∞,
B = n tan θ∞ − cot θ∞,
C = a2 sin θ∞ cos θ∞.
Before running into the analysis of the complex powers
in the solution, we notice that the first term of (25) is a
constant. Thus (25) can only be a good solution of (24)
if B = 0, due to the requirement (23). This implies the
asymptotic constraint
n tan θ∞ − cot θ∞ = 0,
and yields the asymptotic value
θ∞ = arctan
[
1√
n
]
. (26)
According to this result, we can conclude that for each
brane dimension, n, the solutions have different asymp-
totic behavior, and the asymptotic value, θ∞, coincides
with the Schwarzschild-value, pi/2, only in the case of
n = 0, that is, when the brane is 3-dimensional.
It is interesting to note here that 3-dimensional branes
tend to behave differently from their higher dimensional
counterparts in other aspects too. In our previous works
[12, 13], we also found that 3-dimensional branes had
exceptional analytic properties in the near horizon region
when thickness corrections had been considered in the
non-rotating case.
Another interesting feature to note is that the asymp-
totic value does not depend on the rotation parameter of
the black hole, it is determined solely by the number of
inner dimensions of the brane in which it is spherically
symmetric.
After deriving the value for the asymptotic constants,
we can obtain the corresponding asymptotic solutions by
plugging back θ∞ into (24), which results the asymptotic
equation
ν¨ +
n+ 3
r
ν˙ +
2(n+ 1)
r2
ν +
a2
√
n
(n+ 1)r4
= 0, (27)
or plugging it directly into (25), and take a bit of time
with the power analysis. Either case, the asymptotic
solution takes the form
ν(r) =


p sin[δ(r)]+p′ cos[δ(r)]
r1+
n
2
− a2
√
n
2(n+1)r2 , if n ≤ 4,
p+p′r
√−γ
r1+
n
2
+
√−γ
2
− a2
√
n
2(n+1)r2 , if n ≥ 5,
(28)
where
δ(r) =
√
γ
2
ln(r), γ = −n2 + 4n+ 4. (29)
It may seem, for the first sight, that branes with n ≤ 4
dimensions have different far distance asymptotics than
the ones with dimensions n ≥ 5. The real change occurs,
however, at n = 3, as we can see it from the following
analysis.
In the n = 0 case, the rotation of the black hole does
not seem to affect the asymptotic behavior directly, and,
as we mentioned earlier, this is the exceptional case of the
3-dimensional brane, when the asymptotic value, θ∞, is
pi/2, just as in the Schwarzschild problem. When n = 1,
the first term dominates the solution, because the sec-
ond one, which is controlled by the rotation parameter,
decays faster. In the case of n = 2, both terms decay es-
sentially as r−2. In all other cases, starting from n ≥ 3,
the first terms in the solution decay much faster than the
second one, which results that all the branes with D = 6
or more dimensions have an almost uniform convergence
to the asymptotic value in the far distance region, and
this is controlled by the rotation parameter of the black
hole.
The coefficients p and p′ in the solutions are continuous
functions of the θ0 or r1 boundary parameters that we
obtained previously from regularity requirements in the
near horizon region. On the other hand, because of the
5complicated asymptotic behavior, the interpretation of
p or p′ is not so clear as it was in the Schwarzschild
case (being the distance of the brane from the asymptotic
value at infinity [1]).
V. NUMERICAL RESULTS
After obtaining the far distance solution of the problem
in analytic form and also deriving boundary conditions
from regularity requirements in the near horizon region,
we can consider the numerical solution of (14). As it was
shown earlier, the boundary value θ0, or the radial coor-
dinate r1, uniquely determines the corresponding super-
or subcritical solutions, respectively. The numerical solu-
tion itself does not require very advanced techniques, we
have performed it by using the Mathematicar NDSolve
function.
On FIG. 1 we are plotting a sequence of D = 3 (n = 0)
brane solutions from both topologies in the near horizon
region. The asymptotic constant in this special case is
pi/2 and we have chosen the value 0.4 for the rotation
parameter, a. As a result (just as we expect from the
far distance analysis) the brane configurations are very
similar to what we had before in the spherical case [1, 11].
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FIG. 1. The picture shows a sequence of D = 3 dimensional
branes with varying boundary values embedded in a bulk with
N = 6 dimensions. R and Z are standard cylindrical coordi-
nates, and the thick, red lines represent the value θ∞ which is
pi/2 for the present case. The value of the rotation parameter
a = 0.4.
By increasing the brane dimension from D = 3 (n = 0)
to D = 4 (n = 1), and keeping the bulk dimension
fixed (N = 6), we can see the interesting new result on
the asymptotic behavior. We plotted this situation on
FIG. 2. In this case, the asymptotic value, θ∞, is pi/4,
and it can be seen that all solution tend asymptotically to
this value (in good agreement with the far distance anal-
ysis) independently of the near horizon boundary values.
By increasing the number of brane dimensions, n, the
value of the asymptotic constant, θ∞, changes according
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FIG. 2. The picture shows a sequence of D = 4 dimensional
branes with varying boundary values embedded in a bulk with
N = 6 dimensions. R and Z are standard cylindrical co-
ordinates, and the thick, red lines represent the value θ∞,
to which the solutions asymptotically converge, pi/4 for the
present case. The value of the rotation parameter a = 0.4.
to (26), but the qualitative picture of the solutions re-
mains essentially similar to what we see on FIG. 2. For
the sake of illustration, on FIG. 3, we also plot the D = 5
(n = 2) dimensional case with N = 6.
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FIG. 3. The picture shows a sequence of D = 5 dimensional
branes with varying boundary values embedded in a bulk with
N = 6 dimensions. R and Z are standard cylindrical coordi-
nates, and the thick, red lines represent the value θ∞, to which
the solutions asymptotically converge, θ∞ = arctan[1/
√
2] for
the present case. The value of the rotation parameter a = 0.4.
By changing the value of the rotation parameter, the
near horizon configurations are also changing together
with the asymptotic convergence to θ∞, that we dis-
cussed earlier in the far distance solution. In order to
illustrate this change, we define the function
∆θ(r) = θ(r) − θ∞, (30)
and compute the ∆θ(r) functions for a sequence of brane
solutions with different boundary values, θ0, equally dis-
tributed around the θ∞ = pi/4 value in the θ0 ∈ (0, pi/2)
region, just as on FIG. 2 and FIG. 3. The corresponding
curves are plotted on FIG. 4. for two different rotation
6parameter values, a = 0.1 (left picture) and a = 0.9 (right
picture).
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FIG. 4. The picture shows a sequence of ∆θ(r) functions of
D = 4 dimensional branes embedded in a N = 6 dimensional
bulk. The boundary values are equally distributed around
θ∞ = pi/4 in the θ0 ∈ (0, pi/2) region. The left picture belongs
to a slow rotation, a = 0.1, while the right picture belongs to
the a = 0.9 value.
In the case of slow rotation (a = 0.1), the ∆θ(r) func-
tions have an almost “mirror symmetric” amplitude dis-
tribution around the θ∞ = pi/4 value (right picture on
FIG. 4.), while in the case of a large rotation param-
eter (a = 0.9), the picture becomes very asymmetric.
The branes with boundary values θ0 ∈ (pi/4, pi/2) devi-
ate strongly from θ∞ in the near horizon region, while
the branes with θ0 ∈ (0, pi/4) approach the asymptotic
value very quickly.
In our previous works [11, 12], we also investigated
the problem of a quasi-static evolution of a brane from
the equatorial plane in black hole embeddings, to a
Minkowski embedding topology, through a topology
change transition. The question was very natural there,
following the method developed in [14], because the equa-
torial configuration was a general solution in every di-
mensions of the spherical problem. In the present rotat-
ing case however, as we saw above, the equatorial configu-
ration is a solution of the problem only in the exceptional
case of the 3-dimensional brane, and we cannot use this
method for a general discussion. Although we could ana-
lyze the topological phase transition in this special case,
nevertheless we believe that it would be misleading since
the relevant problems are usually obtained from higher
dimensions, like the case of the holographic dual phase
transition. As a consequence, the question remains open
in the present rotating case.
VI. CONCLUSIONS
In the present work, we studied the problem of
rotationally symmetric, stationary, Dirac-Nambu-Goto
branes on the background of a Myers-Perry black hole
with a single angular momentum. In defining the inter-
acting brane - black hole system, we strongly followed
the spherical problem given by Frolov [1]. Although this
model is the most natural extension of the spherical setup
to the simplest rotating case, we found that due to the
non-equivalent coordinate parametrization, the obtained
solutions are not compatible with the spherical solutions
in the sense that the latter ones are not recovered in the
non-rotating limit. Our efforts, to find an appropriate
coordinate system in which the rotating problem could
be formulated naturally, in a way that the spherical case
could also be reproduced in the a→ 0 limit, has not suc-
ceeded so far. It is an open question whether it can be
done at all.
After clarifying the above situation, we analyzed the
properties of the obtained problem, and presented its so-
lution both analytically, at far distances, and numeri-
cally, in the near horizon region. In the latter case, we
found that the analytic properties of the test brane solu-
tions, both on the axis of rotation and on the horizon, are
very similar to what we saw in the spherical case. From
regularity requirements we could obtain unique numeri-
cal solutions for each, freely chosen, boundary value in
both topologies.
By analyzing the far distance solutions, we obtained
a new interesting result that the asymptotic behavior
of the rotating solutions are qualitatively different from
the spherical problem, except in the special case of a
3-dimensional brane. This difference change the entire
structure of the brane configurations in the near horizon
region too, because all solutions are attracted asymp-
totically to the same constant value, independently of
the near horizon boundary conditions. Furthermore, the
asymptotic value is different for every brane dimensions,
and it is controlled solely by the dimension parameter of
the brane.
Another interesting result is that the rotation of the
black hole has a direct effect only on how the solutions
tend to the asymptotic value, and we illustrated this phe-
nomenon in the cases of a small and a large rotation pa-
rameter.
One of the motivations of this work was to understand
the role that rotational effects may play in a quasi-static,
topology changing phase transition of the system. As a
negative result, we obtained that the problem cannot be
studied here in the geometrical way that we applied in
the thickness corrected spherical problem [11, 12], due to
the lack of a general, stationary, equatorial solution for
arbitrary dimensions. Consequently, we could not obtain
general results on the phase transition in this paper, so
the question remains open for the rotating case.
The lack of the equatorial solution has another conse-
quence which is connected to the stability of the rotating
brane - black hole system. It has been shown by Hioki et
al. [17] that equatorial solutions are stable against small
perturbations in the spherical case. Stability is an im-
portant issue in higher dimensions, and it would be also
important to know whether similar results may hold for
the present axisymmetric case too. Unfortunately, be-
cause of the lack of the equatorial solution, the question
of stability can not be studied here by using the method
of Hioki et al. for the general case.
As another stability issue, in this paper we have not
considered the cases of extremal and ultra-spinning black
7holes. The reason for this is the fact that ultra-spinning
black holes are expected to be unstable [18], and the in-
stability limit occurs at a surprisingly low value of the
angular momentum, i.e. not far in the ultra-spinning
regime. In fact, the magnitude of the critical rotation
parameter, a, has been estimated by Emparan and My-
ers for several dimensions [18], and it turned out that a
typical value is around a ≈ 1.3. According to this, in the
present paper we constrained ourselves to keep the value
of the rotation parameter small enough to stay away from
the presumably unstable regime.
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Appendix: The Schwarzschild-Tangherlini limit of
the Myers-Perry solution
The N -dimensional Myers-Perry metric with a sin-
gle angular momentum in Boyer-Lindquist coordinates
is given in (1), while the Schwarzschild-Tangherlini (ST)
solution of the same dimension is given by
ds2 = −fdt2 + f−1dr2 + r2dΩ2N−2 , (A.1)
where
f = 1− µ
rN−3
. (A.2)
In both formulas dΩ2k is the metric of a k-dimensional
unit sphere Sk, which is parametrized with the polar co-
ordinates, ξk, defined by the following recursive relation
dΩ2k+1 = dξ
2
k+1 + sin
2 ξk+1dΩ
2
k . (A.3)
By taking the limit of a → 0 in the MP metric, the
ST solution has to be reproduced. In order to check
this, after taking the limit in the coefficient functions,
one arrives to the following equation for the metric on
the (N − 2)-dimensional unit sphere,
dΩ2N−2 = dθ
2 + sin2 θdϕ2 + cos2 θdΩ2N−4 . (A.4)
Applying the recursive relation given in (A.3) we can
rewrite (A.4) into the form
dξ21 + sin
2 ξ1dξ
2
2 + sin
2 ξ1 sin
2 ξ2dΩ
2
N−4 =
dθ2 + sin2 θdϕ2 + cos2 θdΩ2N−4 . (A.5)
From (A.5) it is clear that if N > 4, the angular
parametrization of the 2-sphere in question is different
from that of the ST metric of the same dimension. This
difference however disappears in standard 4-dimensions
since the last terms are zero on both sides yielding the
equivalence
θ = ξ1 , ϕ = ξ2 . (A.6)
In order to see the ST limit of the MP metric for
N > 4, one needs to verify that the angular parametriza-
tion given in (1) is equivalent with the Schwarzschild
parametrization. To show this, we need to find the trans-
formation laws from the spherical coordinates defined by
the polar angles ξ1 and ξ2, to the coordinate system de-
fined by the angles θ and ϕ. The transformation rules are
the solution of the following system of equations obtained
from (A.5),
(
∂θ
∂ξ1
)2
+ sin2 θ
(
∂ϕ
∂ξ1
)2
= 1, (A.7)
(
∂θ
∂ξ2
)2
+ sin2 θ
(
∂ϕ
∂ξ2
)2
= sin2 ξ1, (A.8)
∂θ
∂ξ1
∂θ
∂ξ2
+ sin2 θ
∂ϕ
∂ξ1
∂ϕ
∂ξ2
= 0, (A.9)
sin2 ξ1 sin
2 ξ2 = cos
2 θ, (A.10)
where θ = θ(ξ1, ξ2) and ϕ = ϕ(ξ1, ξ2). This system can
be integrated in a closed form with the solution
θ = arccos [sin ξ1 sin ξ2] , (A.11)
ϕ = arctan [cos ξ2 tan ξ1] , (A.12)
or equivalently the inverse transformations are
ξ1 = arcsin
[√
1− cos2 ϕ sin2 θ
]
, (A.13)
ξ2 = arcsin
[
cos θ√
1− cos2 ϕ sin2 θ
]
. (A.14)
To see how the angles θ and ϕ parametrize the unit 2-
sphere let us utilize the standard Cartesian coordinates
x, y, z given by
x = sin ξ1 cos ξ2,
y = sin ξ1 sin ξ2, (A.15)
z = cos ξ1.
Here the polar angle ξ1 ∈ [0, pi] is measured from the
positive z-direction, and the azimuthal angle ξ2 ∈ [0, 2pi]
runs in the x − y plane measured from the positive x-
direction. Expressing now x, y and z as functions of θ
and ϕ through the transformation formulas (A.13) and
(A.14) we get
x = sinϕ sin θ ,
y = cos θ , (A.16)
z = cosϕ sin θ.
8It is thus clear that θ and ϕ are also spherical polar coor-
dinates of the unit 2-sphere in a way that the polar angle
θ ∈ [0, pi] is measured from the positive y-direction, and
the azimuthal angle ϕ ∈ [0, 2pi] runs in the z − x plane
measured from the positive z-direction.
According to this, we observe that in standard 4 di-
mensions the axis of rotation of the Kerr black hole is or-
thogonal to the x−y plane (corresponding to the labeling
of the standard Cartesian coordinates above), however
in dimensions N > 4, the axis of rotation “switches” to
be orthogonal to the z − x plane instead. One has to be
thus very careful in taking the Schwarzschild-Tangherlini
limit of the Myers-Perry solution in higher dimensions,
because the angular parametrization of the two solutions
remains different even in the non-rotating limit.
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